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SUMMARY 

A theoretical model is presented to account for the physical mechanism of 
energy transfer from antenna molecules to the reaction centers in photosynthesis. 
The energy transfer is described by a generalized transport equation or "master 
equation". The solution of this equation for the proposed model gives a relationship 
between the antennae interaction energy and the transfer rate. The results are shown 
to be in agreement with inter-antenna transfer rates calculated from experimental 
fluorescence lifetimes. Previous theories were based either on the Frrster mechanism, 
which is valid for very small interaction energies, or an exciton model valid for very 
large interactions, but experimental results seemed to indicate that the actual situation 
was intermediate between these two. The Frrster theory and the exciton model are 
limiting cases of the master equation. 

I. INTRODUCTION 

Chlorophyll a and its auxiliary pigments (mainly carotenoids) absorb light 
energy and transfer at low light excitation intensity about 97 % of it to reaction centers, 
where water is split (System II) and the reducing agent NADPH is produced (System 
I). This is known as the light reaction and it takes place in the closed vesicle forming 
thylakoid membranes inside the chloroplasts of higher plants. In a following dark 
reaction outside the membranes CO2 is then reduced to carbohydrate with the aid 
of NADPH and free energy stored in the molecules of ATP. About 3 % of the ab- 
sorbed light is re-emitted as fluorescence within nanoseconds. The decay time and 
yield of this fluorescence depends either on the etficiency of energy uptake by the 
reaction center, or on the time required for light energy to reach the reaction center, 
or possibly on both [1 ]. 

Traditionally, the theory of energy transfer between molecules has been dis- 
cussed in the limits of strong (Perrin's theory) and very weak intermolecular coupling 
energy (Frrster's theory) [2, 3]. The terms strong and very weak apply relative to the 
vibrational energy levels within the individual molecules. The intermediate or weak 
coupling region was too difficult to treat mathematically [3 ]. The energy transfer rate 
is proportional to the interaction energy in Perrin's theory and to the square of the 
interaction energy in Frrster's theory. In the model of a dipole-dipole interaction 
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energy this leads to a R -a and R -6 dependence of the transfer rate on the molecular 
spacing for the two theories, respectively. Rather than expressing the range of applica- 
bility in terms of the interaction energy we may also state that the F6rster or the Perrin 
theory is applicable if the transfer rate is slow or fast compared to the thermal relaxa- 
tion rate in the vibrational levels of  an individual molecule. 

In a recent paper Colbow [1 ] has shown that approximate agreement of  the 
calculated and the observed fluorescence decay was obtained by using the F6rster 
theory, the assumption of  an "open-trap" reaction center at low light excitation 
intensity, and a 2-dimensional random walk among 300 antenna chlorophyll per 
reaction center. If  one divides the low excitation fluorescence lifetime of 0.4 ns by the 
average number of steps required for the excitation to reach the reaction center, one 
obtains a nearest neighbor transfer rate of 1.5 × 10 *2 s-1. Using a mean chlorophyll 
spacing of 15 A and a F6rster parameter of R o = 65 A, Colbow [1 ] calculated a nearest 
neighbor transfer rate of 0.44 × 1012 s-  1. These rates seemed reasonably close to give 
some confidence in the general correctness of  the model. Both rates were below the 
thermal relaxation rate of 3 × 1012 s-1 which justified using the F6rster theory rather 
than Perrin's theory [1 ]. However, the rate is sufficiently close to the thermal relaxa- 
tion rate to warrant a closer look at the applicability of the F6rster theory in photo- 
synthesis [4, 5]. 

Kenkre and Knox [6] have developed an approach based on the "generalized 
master equation" that allows one to calculate the transfer rate in terms of interaction 
energy over a wide range of  coupling strengths. A relationship is obtained in terms of 
well-defined spectral properties of the isolated molecule, such as lineshape and half- 
width of  the absorption band, and the Stoke's shift of  the fluorescence. The strong 
and very-weak coupling cases are readily obtained in the appropriate limits of the 
master-equation solution, while a continuous relationship between transfer rate and 
interaction energy is provided throughout the intermediate weak region. 

II. A MODEL OF THE PHOTOSYNTHETIC UNIT 

The model of  the photosynthetic unit that we will be using consists of an array 
of chlorophyll molecules embedded in a fluid lipid bilayer membrane. We will assume 
that the lipids and the globular proteins in the membrane have little influence on 
energy transfer between chlorophyll molecules other than by acting as a medium of  
uniform index of refraction, and providing a thermal bath [1, 8]. We will assume the 
antenna chlorophyll are of one type, chlorophyll a. Other pigments such as chloro- 
phyll b and carotenoids absorb light at shorter wavelengths and pass the energy almost 
irreversibly to the chlorophyll a antennae. In this way they extend the absorption 
spectrum of  the plant over most of the visible region. The antenna chlorophyll a can 
thus be excited either by direct absorption or by energy transfer from these other 
pigments. In bacteria, bacteriochlorophyll acts as antenna, analogous to chlorophyll a. 

The lipid-protein membrane will be assigned an average index of refraction of 
n = 1.45 [1, 9], the refractive index of lipid-like materials. 

The structure of  chlorophyll a has been shown previously [1 ]. The absorption 
spectrum of  a dilute solution of  chlorophyll a in ether [10] shows two main absorption 
bands, the Soret band around 430 nm and the red band around 660 rim. These bands 
are the result of  singlet electronic transitions of  the delocalized ~ electrons around the 
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porphyrin ring. Studies of dichroism have shown that the dipole moments of these 
transitions lie in the plane of the porphyrin ring of the chlorophyll a molecule [11 ]. 
The hydrocarbon phytol chain does not appreciably affect either the band shape or 
the position of the absorption bands [12]. 

The red band is the one responsible for energy transfer among chlorophyll a 
antennae to the reaction center. Energy absorbed in the Soret band is rapidly degraded 
by intermolecular vibrations and transferred to the red band. No fluorescence can be 
observed corresponding to the Soret band. 

The main transition of the red band is at 660 nm with a vibrational satellite 
at 613 nm. The transition moments for these are oriented along the long axis from 
ring I to III of the porphyrin head (see Fig. 2 in Ref. 1). They are referred to in the 
literature as Qy (0 ~ 0) and Qy (1 ~- 0). Weak peaks at 575 nm and 530 nm are also 
singlet zczr* transitions with transition moments perpendicular to the Qy bands along 
the shorter porphyrin axis (ring II to IV). However, their contribution is not signifi- 
cant for our considerations. In Fig. 1 the 660 nm and 613 nm bands are fitted with 
Gaussian and Lorentzian profiles. It is readily seen that the 660 nm band is nearly 
Gaussian in shape. The 613 nm band is difficult to fit because of its small size, but is 
most likely Gaussian as well. The fluorescence spectrum is nearly a mirror image of the 
660 and 613 nm bands [12]. The emission maximum is located at 668 nm giving a 
Stoke's shift of 161 cm -1 [1]. 

The spectrum of chlorophyll a in vivo is more complex than that of chlorophyll 
a in dilute solution. Instead of one main red band at about 660 nm in solution, a band 
with components at 673, 683, and 695 nm is observed in vivo [11, 13]. The dichroism 
of the in vivo spectrum is very weak except for the 695 component*. This implies either 
a random orientation [12] of the porphyrin rings in the membrane, or chlorophyll a 
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Fig. 1. Oaussian (dotted line) and Lorentzian (dashed line) profiles fitted to the red absorption band 
of  chlorophyll a in ether. Data  (solid line) from French [lO]. 

* In artificially oriented chloroplasts stronger dichroism has recently been observed for the other 
red bands [33]. 
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is anchored by the phytol chain in the membrane with the red and blue transition 
moment at an angle of 35.3 ° with the membrane plane, but free to rotate azimuthally 
[13]. Then with the red and blue transitions at right angles to each other, the plane of 
the porphyrin head is inclined at an angle of 54.7 ° to the membrane plane [13]. Direct 
measurements of chlorophyll a orientation in artificial membranes have also been 
made. Using lipid bilayers, Steinemann et al. [14] measured the red transition moment 
as being oriented at 35 ±2  ° and the blue transition moment at 26± 3 ° to the membrane 
plane (averaged values for three lipids). They determined the inclination of the por- 
phyrin plane as being 46~=5 ° to the membrane surface. Cherry et al. [15] determined 
corresponding angles of 36.5 °, 26 ° and 48 °. Hoff [16] using lecithin multilayers mea- 
sured the orientation of the red transition moment as 34.3-4-1.1 o and the inclination 
of the porphyrin plane as 55.44-1 ° with the membrane plane. We shall use an average 
value of 35+2 ° for the angle of the red transition moment with the membrane plane. 
The inclination of the porphyrin plane does not enter into our calculations. It seems 
reasonable to assume that the porphyrin head is in the hydrocarbon region of the 
membrane rather than in the polar region [14]. This information cannot be deduced 
from dichroism measurements. The argument is based on the fact that the larger part 
of the porphyrin ring is hydrophobic except for the -COOCH3 and C-O groups 
of the cyclopentanone ring which should make contact with the water-lipid interface. 

To determine the mean spacing of chlorophyll a antenna Wolken and Schwertz 
[17], using electron microscopy, measured an available area of 222 and 246 A 2 per 
chlorophyll molecule in the chloroplasts of Euglena gracilis and Poteriochronmonas 
stipitata. Thomas et al. [18] measured a range of 90 to 360 A 2 for grana-bearing 
chloroplasts; their average is 240 A 2. Kreutz [13] using X-ray diffraction measured an 
average area of 215 A 2 per chlorophyll. For our model we choose a range of 200 to 
250 A 2 corresponding to a mean-spacing of 15 4-1 A between chlorophyll molecules [1 ]. 

Next we need to know in our model the number of antenna chlorophyll 
associated with a trap. Emerson and Arnold [19] showed that about 2400 chlorophyll 
molecules were involved in the evolution of one oxygen molecule. There is evidence 
that 8 photons are needed in this process [20], which gives a value of 300 chlorophyll a 
per reaction center, assuming an even division between Photosystem I and II. One 
sometimes finds lower values such as 100 being used without justification [4]*. 
Schmid and Gaffron [21 ] have recently repeated the Emerson and Arnold experiment 
measuring the amount of 14CO2 fixed per saturating flash. They vindicated the value 
of 2400 for normal, healthy plants, but showed that the size of the photosynthetic 
unit could vary in discrete steps of 300 chlorophyll around the value of 2400. This may 
be due to inactive reaction centers. In chlorophyll deficient mutants, units as small as 
1/8 of this value were found. In chiorophyll-rich adult plants and algae most of the 
unit sizes were between 2000 and 2700. Thus considering the variability of unit size 
and the uncertainty in partitioning of the antenna chlorophylls between the two photo- 
systems, we have chosen a range of 250 to 350 antenna chlorophyll a per reaction 
center in our model Calculations. 

It will be assumed that excitation in the photosynthetic unit can either be 

* Depending on growth conditions such a low number is found in photosynthetic bacteria. 
However, the lack of  other experimental parameters (i.e. chlorophyll spacing) makes it impossible 
to analyze bacteria fluorescence in terms of  our present model. 
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trapped by a reaction center or lost as fluorescence. Interconversion processes such as 
singlet to triplet transitions leading to non-radiative de-excitation in the antenna 
chlorophyll are considered to be negligible. We shall also assume that energy once 
trapped does not return to the antenna chlorophyll since the trap absorbs light at a 
longer wavelength (680 nm for Photosystem II) [8 ] than the antenna chlorophyll a. 
Hoch and Knox [22] estimate a value of 10- 4 for the ratio of out to in jump probabil- 
ities. The trap itself is believed to be a specialized form of chlorophyll a aggregated with 
a protein. 

With all traps "open" the fluorescence from the antenna is at a minimum as the 
traps compete with fluorescence for the excitation and thus quench the fluorescence. 
The fluorescence decay-time is then the same as the time needed for the excitation to 
reach the trap. This condition is obtained experimentally by using low light levels, 
thus avoiding saturation. Miiller et al. [23] have shown that the fluorescence lifetime 
reaches limiting values for both high and low light intensities. The saturation value is 
1.92 ns while the lifetime approaches a value of about 0.35 ns for low light intensity*. 
These findings are consistent with the assumed mechanism in which energy absorbed 
by chlorophyll a is transferred to the trapping centers by a singlet state resonance 
mechanism. After receiving a quantum of energy the traps are unable to accept energy 
until they have completed the photochemical process. At very low light intensity 
the traps are unoccupied on average, thus the excitation quanta are trapped rapidly, 
resulting in a short fluorescence lifetime. At high light intensity, or under conditions 
of chemically poisoned traps, the traps are occupied or not functional, so that excita- 
tion resides in the antenna chlorophyll for longer periods of time, resulting in an 
increased fluorescence lifetime. 

The 5-fold increase of fluorescence with light intensity is strong evidence tbat a 
considerable part of the energy is delivered to the traps via singlet excited states. 
If  the energy transfer was by triplet states, little fluorescence increase would be 
expected, as fluorescence is the result of radiative decay of singlet energy levels [4, 24]. 
Measurements of fluorescence lifetime prior to MOiler et al. were done at unspecified 
excitation intensities and the results range in value from 0.6 to 1.7 ns [23]. The limiting 
values were probably not observed because not sufficient consideration was given to 
the level of the exciting intensity [23]. 

The saturating value appears to be universal in plants [23]. The open-trap 
value is also the same for blue and red algae [25]. Thus we shall adopt the value of  
0.4~.0.1 ns as the open-trap fluorescence lifetime and interpret it as the trapping time 
of excitation. 

What we have described applies only to Photosystem II. The fluorescence 
from Photosystem I decays about ten times faster than that from Photosystem II 
and only recently have accurate measurements been made [4, 5]. There also seems to 
be an absence of fluorescence that varies with the state of the traps in Photosystem I, 
and it has been suggested that energy transfer takes place via triplet states [4, 26]. 
In short, the behaviour of Photosystem I is not as well understood as that of Photo- 
system II. 

* Lifetimes shorter than this have been reported, recently [34, 35]. 
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III. THE MASTER EQUATION APPROACH 

The Pauli master equation 

dP~(t)/dt = • [F u Pj( t ) -  F j, e,(t)] (1) 
y 

describes the probability of excitation at molecule Pi as a function of probabilities of 
excitation at the other molecules (Pj) and transition probability rates F w The equation 
is Markoffian, which means that the probability F~j of excitation jumping from i t o j  
is independent of its previous location. This is applicable to very-weak coupling where 
the excitation can be considered as localized on a particular site before hopping to the 
next site. The jump times would then be given by the Frrster formulation and the 
trapping time could be worked out by solving the set of coupled Pauli master equations 
for the array of molecules [27]. This is equivalent to a random walk, for which Mon- 
troll [28] has worked out analytic equations in one, two and three dimensions; the 
results are essentially the same as those obtained from the Pauli master equation. 

The non-Markoffian generalized master equation [6] 

fo dP,(t)dt - ds ~. {wii(t-  s)Pi(s ) -  wj , ( t -  s)P,(s)} (2) 

contains the strong and very weak regions as limits and also holds in the intermediate 
region. Here the probability of transition depends on where the excitation was before 
t; w o connects the probability at a site j at time s in the past to the rate change of 
probability at site i at the present time t. By substituting 

w,j(t-- s) = F,j 6(t - s) (3) 

into the generalized master equation one obtains the Pauli master equation. The delta 
function means that the transition probability depends on what happens at time t, 
not on previous history. The Pauli master equation thus eliminates the possibility 
of exciton or reversible resonance coupling between molecules. 

A useful, more general, approximation is to assume that the time dependence 
of w~i is independent of the sites i and j: 

w,j(t) = F,j c~(t) (4) 

where q~(t) is called the memory function. The generalized master equation then 
reduces to 

fo dP,(t)/dt = dsdp(t- s)[ ~ { F i j  P I($) - -  Fyi P,(S)}] (5) 

~b(t) defines the extent in time in which the process can be considered non-Markoflian. 
Kenkre and Knox [6] derived the expression 

q~(t) = I-I/roy(0)] Av) cos (dvt)d(Av) (6) 

where f(0)  is the Frrster rate equation for two molecules in terms of their overlap of 
fluorescence and absorption: 
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f(O) oc 1/R 6 E~(v)e(2v0- v)/v(2vo- v)]dv (7) 

s(v) is the extinction coefficient and Vo the average frequency of absorption and fluo- 
rescence maximum, f(Av) is given by the same equation as.f(0) but the peaks are 
shifted on the frequency scale by -}-Av/2 for the emission and --Av/2 for the absorp- 
tion. Physically this represents a molecule that has not come to full thermal equilib- 
rium before transferring energy. Thermal equilibrium would imply the full Stokes 
shift v~ between the fluorescence and absorption peak. 

If  the peaks are nearly symmetrical the denominator is equal to Vo 2 and can be 
removed from the integral. We obtain 

f(O) = K foe(v)e(2Vo-v)dv =_ KJ o 

where 
of the 

Jo is the overlap of the absorption and fluorescence, J(Av) is the shifted overlap 
absorption and effective emission peak, and K contains the remaining terms. 
The memory function then becomes 

f 'f(zv) ¢(t) = (TrJo)- 1 cos (Art)dAy (9) 

Assuming mirror image symmetry between the absorption and fluorescence 
bands and using Eqns. 8 and 9 we obtain for a Gaussian and Lorentzian profile the 
normalized memory functions [i.e. ~b(0) = 1] 

exp ( -  :e~ t 2) cos (vs t) Gaussian 

(k(t) = exp ( -  aL t) COS (Vs t) Lorentzian (10) 

ao = 0.85v~} and ~L = 2.0v~} 

Here vs = 2(va--Vo) is the Stoke's shift, Va is the wave number of the absorption maxi- 
mum, and v~} is the halfwidth at half maximum. ~b(t) is plotted in Fig. 2 for chlorophyll 
a in ether using a value of v, = 188 cm -1, vs = 161 cm -1 and the Gaussian and 
Lorentzian approximation for the main peak at 660 nm. a is a measure of how fast 
the localization of excitation takes place. For excitation lifetimes greater than 1/~ 
the energy transfer process can be considered Markoffian. For times much greater 
than 1/:q ~b(t) ,~ ~(t) and the generalized master equation reduces to the Pauli master 
equation describing a random hopping of excitation. Thermal relaxation occurs in 
about 3 × 10- ~ 3 s, and ~b(t) has become small by this time (Fig. 2). This indicates that 
thermal relaxation has destroyed all phase relationship between the excitation on 
neighboring molecules, thus effectively randomizing the transfer process. If ~(t) 
is not zero for times larger than the thermal relaxation time one must have a small 

and therefore a narrow line width. This is possible for systems that have discrete 
sharp vibrational bands, and thus weaker interactions with phonons and the environ- 
ment and a correspondingly longer memory [6]. Chlorophyll has a continuous 
spectrum. Therefore it couples very readily to the environment, which is reflected in its 
wider band width and shorter memory. 
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Fig. 2. The ra~mory function ~(t) versus time for a Gaussian (solid line) and Lorentzian (dashed 
line) profile. The cosine variation (dotted line) is negligible in Eqn. 10 compared to the exponential 
factor. 

IV. SOLUTION OF THE GENERALIZED MASTER EQUATION 

Having obtained the memory function we can now calculate the mean square 
displacement of excitation and relate the transfer rate and interaction energy for 
Gaussian and Lorentzian profiles. I f  the molecules have an average spacing a, the 
mean square displacement of the excitation is 

(x2) -- ( E m2a2pm)/ E Pm = (m2) a2 (11) 
m m 

where Pro, the probability that the excitation is on molecular site m, obeys the general- 
ized master equation. The rate of excitation transfer w is the inverse of  the time 
required for ( x  2) to build up from zero to the value a 2. This leads to the equation 
[6, 7] 

a== (a)Jo dtJoCk(s)ds, (12) 

where 

(A)  = [ E Pn E F,,m(rn --n)2a2]/E P. 
n m n 

The time dependent transition rates of the generalized master equation have 
the form [7] 

Wm~(t- s) = Fro, alp(t- s) = (2u2/h 2) ~( t -  s) (13) 

where u is the interaction energy between sites m and n. Thus using Eqn. 10 we write 

Fm, q~(t) = (2u2[h2)e -z  (14) 

where Z = ~G2/2 for a Gaussian and Z = ~L t for a Lorentzian profile. We have 
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dropped the cosine terms because of their negligible contribution. We now solve 
Eqn. 12 for nearest neighbor interactions on a square lattice. In this case P, = ¼ 
and ~ . P .  = 1. Summing over the four nearest neighbors, and substituting into Eqn. 
14, we obtain for the Gaussian profile 

# l / w  p t  

2(u/h)2 L dtLe-~°"~ds  = 1  

which gives 

X/n ( ~ ) e r f  ( ~ ) + e - ~ ° 2 w 2 - 1  : (~--~) 2 

(15) 

(16) 

This equation relates the nearest neighbor transfer rate w to the interaction energy u 
and the spectral half-width of the molecules involved. For very-weak coupling (~c >> 
[ul/h) the error function (eft) approaches one and the exponential zero. In this case 
Eqn. 16 gives w = x/~ u2/o~6h 2. For strong coupling (~ << lul/h), erf(~G/w) ~ (2~/ 
x/~w) and exp(gG/w) 2 ~ 1-(gG/w) 2, this leads to w = lul/h. Thus Eqn. 21 gives the 
correct results in the fast and slow limits of energy transfer and provides a connecting 
formula for the intermediate region. 

For a Lorentzian profile we obtain analogous to Eqn. 16, in agreement with 
Kenkre and Knox [6] 

e-~,./w+ ~___L - 1  = ½ (17) 
W 

In the very-weak and strong limit this reduces respectively to w = 2u2/~Lh 2 and 
w = l u l / h .  Eqns. 16 and 17 are plotted in Fig. 3 as interaction energy against g/w. 

So far we have not specified the form of the interaction energy. For a point 
dipole-dipole interaction, u oc R -  a and thus the transfer rate varies as R-  3 for strong 

¢J 

D 

>- 
L9 

Z 
L~ 

Z 
O 
b- 
CJ 

ew 

b- 
Z 

I000.0 1 

i O0.0 ", "-',, 

oo 

1 . 0  I I I I I l t l l  I I I I h l l l l  , , I I I I I I I  I , I I I l l t l  ~ , % ~ 1  i , , ,  

0 .0  0.1 1.0 lO.O lO0.O 1000.0 

'W (DIMENSIONLESS) 

Fig. 3. Solution of the generalized master equation for Gaussian (G) and Lorentzian (L) absorption 
profiles (Eqns. 16 and 17). The dotted lines are the asymptotes corresponding to the limits of strong 
and very-weak coupling. 
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Fig. 4. The variation of  transfer rate with molecular separation expressed as R -~  as a function of 
~/w as given by the generalized master equation Eqn. 18, assuming dipole-dipole interaction for 
Gaussian (G) and Lorentzian (L) absorption profiles. 

coupling and R -6 for very-weak coupling for both. Gaussian and Lorentzian profiles. 
I f  we wish to assume in the intermediate region a transfer rate proportional to 

R -N, it is readily shown [7] that 

( 6 [ '1+ exp ( - ~ / w 2 )  - 1 .-] 
N = I L x/n(otGIw)erf(o~lw)] Gaussian (18) 

I, 6[{ 1 - exp ( -  ~L/W)}-I _ W/OiL] Lorentzian 

The exponent N as a function of ~lw is plotted in Fig. 4. 

V. APPLICATION TO PHOTOSYNTHESIS 

We shall now determine the parameter ~ from the monomer absorption 
spectrum of chlorophyll a in ether. The halfwidth of the 660 nm band is 188 cm-  1 [1 ], 
thus for a single Gaussian and Lorentzian component we obtain from Eqn. 10: 
~G = 4.79 × 1012 s -1 and ~L = 1.13 X 1013 S -1. I f  we include the 613 nm satellite we 
must rework Eqn. 9 for two components. This we have done numerically [7] for the 
spectrum in Fig. 4 fitted with two Gaussians. q~(t) for the double Gaussian falls 
quickly into line with the value computed for a single Gaussian at 660 nm (Fig. 5). 
The satellite does very little to change ~b(t) other than for a small oscillation at the 
beginning, which would not change the value of ~ significantly. Thus we will use the 
above values for ~. Knowing ~ we can now determine transfer rates as a function of  
interaction energy. These have been plotted in Fig. 6 for a Gaussian and Lorentzian 
profile with the same halfwidth. The curves illustrate the extent to which the transfer 
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Fig. 5. Comparison of the memory function ff for a single Gaussian absorption band at 660 nm (solid 
line) and a double Gaussian absorption band at 660 nm and 613 nm (dotted line). 

may be described by very-weak and  s t rong coupl ing theory, and  the connec t ion  
between the two in  the intermediate  or weak coupl ing region. A characteristic of the 
Gauss ian  profile is the shorter  extent of  the very-weak coupl ing region and  a faster 
approach  to the s t rong coupl ing asymptote as compared  to the Lorentz ian  profile. 

The energy transfer  process is Markof l ian  if the memory  funct ion  is very small 

~'~u EIO0 / ~ ~ 

L 

Transfer Rate, W (sec -]) 

Fig. 6. Transfer rate versus interaction energy as predicted by the generalized master equation solution 
(Eqn. 16) for the 660 nm band of chlorophyll a fitted with a Gaussian profile, G. Curve L is a Lorentz/an 
fit (Eqn. 17) for comparison. The shaded region indicates the range of transfer rates deduced from 
the experimental fluorescence lifetimes. The mean-spacing values correspond to the chlorophyll a 
separation needed to produce the interaction energies on the left-hand axis assuming a dipole-dipole 
approximation and the dipole orientation of 35 ° with the plane of the membrane. The asymptotes 
for the limits of strong and very-weak coupling are shown, and also the rate corresponding to thermal 
relaxation (dotted lines). 
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for times of order 1/w. The excitation then hops from site to site and the trapping 
time is 

% = (n)z j  (19) 

where (n )  is the average number of steps taken to reach the trap and the nearest 
neighbor transfer time ~j is equal to l /w, the reciprocal of the transfer rate. MontroU 
[28 ] obtained the asymptotic expression for the average number of steps in a random 
walk on a two-dimensional lattice with one trap: 

(n)  = N In N/rc+O. 195056N+. . .  (20) 

where N is the number of lattice points, in this case antenna chlorophyll. 
Eqns. 19 and 20 are only applicable if o~/w > 10 as shown in Fig. 3. However 

we expect th.at three factors would destroy the coherent nature of exciton transport 
and lead to a diffusion of energy rather than wave-like propagation: (1) Irregular 
chlorophyll spacing, (2) the fact that the chlorophyll orientation is likely to vary 
somewhat, and (3) chlorophyll molecules are polyatomic and therefore having a high 
density of vibrational states, lend themselves to large exciton-phonon scattering in the 
lipid medium. 

The effect of random spacing and orientation on the scattering of excitons was 
investigated by Katsuura [29] for a one-dimensional lattice of dipoles with strong 
coupling. He calculated the time dependence of the root mean square displacement of 
excitation for varying degrees of variance in the lattice spacing and orientation of the 
dipoles and, he found that the root mean square displacement soon becomes de- 
pendent on the square root of time as required for diffusion. 

In the weak coupling region the coherent propagation is even more sensitive to 
disruption [3]. We therefore assume the random walk equation to be applicable for 
our model. 

Assuming 250 to 350 antenna chlorophyll in Photosystem II, the average 
number of transfers to reach the trap (Eqn. 20) is 488 to 721, which by Eqn. 19 gives a 
transfer rate of 

w = 1.2×1012 s -1 to 1.8×1012 s -1 

This range of w corresponds to a range of interaction energy predicted by the 
generalized master equation theory (Eqn. 16 or Fig. 6) of u ----- 10 to 13 cm -1. The 
lower value corresponds to 250 antenna chlorophyll and the upper value to 350. 

We shall now calculate u independently from the model assumptions of mean 
spacing and orientation, and the chlorophyll a absorption spectrum as discussed in 
Section II. If the interaction is entirely dipole-dipole, it is given by [3] 

U ----- M2K/nZR 3 (21) 

Here n = 1.45 is the refractive index. We shall calculate u for a range of R from 14 to 
16/~,, the assumed mean spacing of chlorophyll a in Photosystem II. K = cos 0--3 
cos q~ cos ~k, where 0 is the angle between the dipoles and $, ~, are the angles the dipoles 
make with the line joining them. If  the transition moments are allowed to rotate azi- 
muthally maintaining an angle fl with the plane of the membrane, the mean square 
average of K is 
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( K  2) = sin4fl+¼ cos '# .  (22) 

For  an orientation of  the transition moment fl -- 35~:2 ° the root  mean square value 
of  K is 0.824-0.02. The transition dipole moment M is obtained from the absorption 
spectrum [30]: 

= 9.184 x 10-a 9 f e(v)dv/va (23) M 2 

where e(v) is the extinction coefficient (cm - 1 .  mo1-1.  I) as a function of wave- 
number v (cm- i), and va is the absorption maximum. 

For  a Gaussian line shape this becomes 

M 2 = 1.955 x lO-aSemV~/va (24) 

where e m is the extinction coefficient at the maximum. For  chlorophyll a in ether we 
have I em = 85 100 cm - i  • mo1-1 • l, v~ = 188 cm -1, and va = 15 149 cm -1. Thus 
we obtain M 2 ~ 2.07× 10 -as esu. 

The interaction energy (Eqn. 21) has been plotted in Fig. 7 for a range of  
antenna spacings R. 

We can also obtain some estimate of  the error involved in using the dipole- 
dipole approximation. Chang [31] has worked out a correction to the dipole-dipole 
approximation. An exact calculation of the transition monopoles [31 ], which involves 
calculating orbital wavefunctions, shows that for R ----- 15:[:1 A the ratio of  exact 
interaction to dipole-dipole calculation for chlorophyll a varies from 0.7 to 1.4 
depending on the orientation. This means that the interaction energy calculated from 

5 0  ' I i I I I ' I 

40 " ' ,  
\ ~ ' " x  

~ 30 ~ - - 1  
,~ 20 

x \ 

~ 15 " \ 

,.z, 10.0 " " -  ±20% 
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20 

Fig. 7. Energy versus chlorophyll a separation for dipole-dipole interaction (Eqn. 21). The possible 
=]=20 % correction for the exact monopole calculation is indicated. 
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Eqn. 21 may differ by an additional -4-20 %. Together with. the range of R from 14 to 
16 A this leads to a range of interaction energy u ----- 10 to 15 cm -1, which is in good 
agreement with the 10 to 13 cm -1 predicted by the generalized master equation for 
our model. 

Substituting the calculated interaction energy of  10 to 15 cm-1 into the gener- 
alized master equation solution (Eqn. 16) we obtain the nearest neighbor transfer 
rate 

w : 1.1X1012 S -1 to 2.1X1012 S -1. 

We can compare tb.is to the pair-wise transfer rate predicted by the F6rster theory for 
the same range of  interaction energy, and the same mean-spacing and orientation 
assumptions as in our model. Using a F6rster parameter of  Re = 65.1 A, based on 
spectroscopic measurements of chlorophyll-a in lipid vesicles [31], Colbow [1] ob- 
tained 

w = 0.24 × 1012 S- 1 to 0.64 × 1012 S- 1 

AS expected, this is somewhat lower than the predictions of  the generalized master 
equation as the rates from the Frrster  theory fall in the very-weak coupling region 
but near the intermediate region where the R -6 rate dependence applies (Fig. 6). 
Thus the generalized master equation theory gives better agreement with the transfer 
rates of  1.2 × 1012 S- 1 to 1.8 × 1012 S- t deduced from the fluorescent lifetime with the 
assumption of  random walk among 250-350 antenna molecules per trap. The gener- 
alized master equation also provides an expression useful for calculating transfer 
rates over a wide range of interaction strengths. 
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